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We analyze time evolution of a spherically symmetric collapsing matter from a point of view that
black holes evaporate by nature. We first consider a spherical thin shell that falls in the metric of
an evaporating Schwarzschild black hole of which the radius a(t) decreases in time. The important
point is that the shell can never reach a(t) but it approaches a(t)− a(t) da(t)
dt
. This situation holds
at any radius because the motion of a shell in a spherically symmetric system is not affected by
the outside. In this way, we find that the collapsing matter evaporates without forming a horizon.
Nevertheless, a Hawking-like radiation is created in the metric, and the object looks the same as
a conventional black hole from the outside. We then discuss how the information of the matter is
recovered. We also consider a black hole that is adiabatically grown in the heat bath and obtain
the interior metric. We show that it is the self-consistent solution of Gµν = 8πG〈Tµν〉 and that the
four-dimensional Weyl anomaly induces the radiation and a strong angular pressure. Finally, we
analyze the internal structures of the charged and the slowly rotating black holes.
PACS numbers: 04.62.+v, 04.70.Dy, 11.10.-z.
I. INTRODUCTION
The picture of the black hole has changed significantly
since the discovery of the Schwarzschild solution. In the
classical level black holes are characterized by the exis-
tence of the event horizon, and objects which have en-
tered into them cannot come back forever. In the quan-
tum level, however, black holes evaporate in the vacuum
[1] and can be in equilibrium with the heat bath of the
Hawking temperature [2]. One of the problems of this
picture is the information paradox [3], which is essentially
the disagreement between the information flow and the
energy flow. Suppose we consider a process in which a
black hole is formed by the collapse of matter. In the con-
ventional picture, the matter crosses the horizon holding
its own information. On the other hand, the Hawking
radiation is thermal because it is created in vacuum, and
it cannot reflect the detailed information of the collaps-
ing matter. Therefore, if we assume that the evaporation
occurs after the horizon is formed, we are forced to con-
clude that, although all the energy is emitted to infinity,
the fallen information does not come back. In this paper,
we reconsider the time evolution of the collapsing matter
from the point of view that black holes are objects that
evaporate inherently. Then, we find that no horizon ap-
pears and the matter is distributed in the whole region
inside the black hole. Furthermore, we discuss that the
Hawking radiation comes out through the matter and can
exchange information with it.
In order to understand the absence of the horizon, we
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first consider a spherical shell falling in the evaporating
Schwarzschild metric. The important point is that the
radius a(t) is decreasing as da(t)dt = −
Cl2p
a(t)2 due to the
Hawking radiation. Here a = 2GM is the Schwarzschild
radius, lp =
√
~G is the Planck length, and C is a pro-
portionality constant of order O(1). Then, the shell does
not catch up with the horizon completely but approaches
to r = a(t) +
Cl2p
a(t) . This is because the shell approaches
the horizon in the time scale a, but during that time the
radius a decreases by ∆a =
∣∣da
dt
∣∣ a = Cl2pa .
We then consider a spherically symmetric collapsing
matter with a continuous distribution, and regard it as a
set of thin shells. Because of the spherical symmetry the
time evolution of each shell is not affected by the shells
outside it. Then, the above argument can be applied to
each shell. Thus, there is no trapped region, and no hori-
zon appears. Nevertheless, we can show that a radiation
is created from each shell, and it takes almost the same
form as the conventional Hawking radiation. Interest-
ingly, a strong angular pressure is also induced, against
which the shell collapses and loses the energy.
From these discussions it turns out that the evaporat-
ing object has a clear surface at r = a(t) +
Cl2p
a(t) and that
its interior is filled with matter and radiation while from
the outside it looks almost the same as the conventional
black hole. As we will see, no trans-Planckian problems
occur if the theory has many fields, for example about
100.
This picture of black holes indicates possible mecha-
nisms of the information recovery. Since the Hawking
radiation is produced near each shell, the radiation and
the collapsing matter can interact and exchange the de-
tailed information. The time scale of this process can be
2estimated as ∼ a log alp . Based on this mechanism, we
discuss the possibility that the radiation depends on the
initial information of the collapsing mater.
We also discuss a black hole which is adiabatically
grown in the heat bath. We obtain its interior metric
and show that it is the self-consistent solution of the semi-
classical Einstein equation Gµν = 8πG〈Tµν〉. Then, it is
understood that the the four-dimensional Weyl anomaly
produces the radiation and the angular pressure. We can
also investigate the interior structure of the charged and
the slowly rotating black holes.
This paper is organized as follows. In Sec. II, we ex-
plain the new picture of black holes. In Sec. III, we
discuss how the information comes back in the process of
evaporation, and consider possible mechanisms of infor-
mation recovery. In Sec. IV, we consider the black hole
that is adiabatically grown in the heat bath. In Secs. V
and VI, we study the charged and the slowly rotating
black holes. We give supplementary discussions in the
Appendixes.
II. NEW PICTURE OF BLACK HOLES
A. Conventional picture of black holes
We review here the conventional picture of black holes.
Suppose we consider a Schwarzschild black hole in the
vacuum with a large mass M = a2G compared with the
Planck massmp ≡
√
~
G . The black hole has the Hawking
temperature and the Bekenstein-Hawking entropy [1, 2,
4],
TH =
~
4πa
, SBH =
A
4l2p
, (1)
where A = 4πa2 is the area of the horizon. From the
Stephan-Boltzmann law [5], the time evolution of a(t)
can be expressed as
da
dt
= −2σ(a)
a2
. (2)
Here σ(a) is l2p multiplied by a constant of order 1. σ(a)
depends on the detail of the theory, such as the num-
ber of species of fields [6]. We expect that σ(a) varies
with a slowly compared with lp;
dσ
da lp ≪ σ. Although
these results were originally obtained by assuming the
existence of the horizon, as we will see later, collapsing
matter radiates and has the same entropy even if there
is no horizon.
Next we consider the smallest unit of energy follow-
ing Bekenstein’s argument [4]. Suppose we inject a wave
packet of a massless particle with energy ǫ to a black
hole with radius a. In order for the wave to enter into
the black hole, its wavelength needs to be smaller than
the size of the black hole:
λ <∼ a. (3)
Therefore, its energy should satisfy
ǫ = ~ω = ~
2π
λ
>∼
~
a
. (4)
Thus, the minimum energy that can be added to a black
hole with radius a is given by
ǫ ∼ ~
a
, (5)
and the corresponding wavelength is
λ ∼ a . (6)
Although the above argument is valid for massless parti-
cles, we can show the same results also for massive par-
ticles (see Appendix A).
The minimum energy (5) corresponds to 1 bit of in-
formation, because the wavelength of the particle (6) is
as large as the black hole, and we have two possibilities,
whether it goes inside the hole or not. Now, suppose we
build up a black hole with radius a from particles which
have the minimum energy. Then, the total amount of the
lost information is evaluated as
S ∼ (the number of processes)× (entropy per a process)
∼ a
Gǫ
× log 2 ∼ a
2
l2p
, (7)
which agrees with SBH in (1). Note that if we use par-
ticles with ǫ ≫ ~a the entropy is much less than (7) (see
Appendix A). As we will see later, the existence of the
horizon is not essential for this estimation.
B. Motion of a test particle near the evaporating
black hole
We analyze here the motion of a test particle near the
evaporating Schwarzschild black hole. The outside space-
time can be approximately described by
ds2 = −r − a(t)
r
dt2 +
r
r − a(t)dr
2 + r2dΩ2 , (8)
where a(t) satisfies (2) [7]. If the test particle comes
sufficiently close to a(t), its radial coordinate r(t) is de-
termined irrespectively of its mass or angular momentum
by
dr(t)
dt
= −r(t)− a(t)
r(t)
. (9)
This is because any particle becomes ultrarelativistic
near r ∼ a and behaves like a massless particle [10] [11].
From (9) we see that the particle approaches the radius a
in the time scale of O(a). During this time, however, the
radius a(t) itself is slowly shrinking due to the Hawking
radiation. Hence, the particle cannot catch up with the
3FIG. 1: A test particle in the time-dependent Schwarzschild
metric. r(t) cannot catch up with a(t) as long as da
dt
(t) < 0.
radius a completely. Instead, r(t) is always apart from
a(t) by −adadt . See Fig.1.
We can see this behavior explicitly by solving (9) as
follows. Putting r(t) = a(t) +∆r(t) in (9) and assuming
∆r(t)≪ a(t), we have
d∆r(t)
dt
= −∆r(t)
a(t)
− da(t)
dt
. (10)
The general solution of this equation is given by
∆r(t) = C0e
− ∫ t
t0
dt′ 1
a(t′)+
∫ t
t0
dt′
(
−da
dt
(t′)
)
e
− ∫ t
t′ dt
′′ 1
a(t′′) ,
where C0 is an integration constant. Because a(t) and
da
dt (t) can be considered to be constant in the time scale
of O(a), the second term can be evaluated as∫ t
t0
dt′
(
−da
dt
(t′)
)
e
− ∫ t
t′ dt
′′ 1
a(t′′)
≈ −da
dt
(t)
∫ t
t0
dt′e−
t−t′
a(t) = −da
dt
(t)a(t)(1 − e− t−t0a(t) ).
Therefore we obtain
∆r(t) ≈ C0e−
t−t0
a(t) − da
dt
(t)a(t)(1 − e− t−t0a(t) ),
which leads to
r(t) ≈ a− ada
dt
+ Ce−
t
a
= a+
2σ(a)
a
+ Ce−
t
a −→ a+ 2σ
a
, (11)
where C is a positive constant and we have used (2) to
obtain the second line. This result indicates that in the
time scale of O(a) any particle approaches
R(a) ≡ a+ 2σ(a)
a
, (12)
and it will never cross the radius a(t) as long as a(t) keeps
decreasing. In the following we call R(a) the surface of
the black hole. We give a numerical demonstration of
(11) in Appendix B.
One might wonder if such a small radial difference 2σa
makes sense, since it looks much smaller than lp. How-
ever, the proper distance between the surface and the
horizon is estimated as
∆l =
√
grr(R(a))
2σ(a)
a
≈
√
2σ(a) , (13)
because grr(r) =
r
r−a . In general this is proportional to
lp, but the coefficient can be large if we consider a theory
with many species of fields. In fact, in that case we have
σ ∼ Nl2p ≫ l2p , (14)
where N is the number of fields. We assume that N is
large but not infinite, for example, of the order of 100 as
in the standard model.
So far, we have found the surface (12) based on the
classical motion of particles. However, we can show that
the result is valid even if we treat the particles quantum
mechanically. Suppose that we throw a wave packet of a
massless particle with frequency ω to the black hole [12].
Here, ω is measured at r ≫ a and there the wavelength
is given by λ = 2πω . Then, it becomes blueshifted as it
approaches to r = a+∆r:
ωlocal =
ω√−gtt(r) .
Thus, the local wavelength is given by
λlocal =
2π
ωlocal
=
√
−gtt(r)λ ≈
√
∆r
a
λ .
On the other hand, the proper distance l from r = a is
given by
l =
∫ ∆r+a
a
dr
√
grr =
∫ ∆r+a
a
dr
1√
1− ar
≈
∫ ∆r+a
a
dr
√
a
r − a = 2
√
a∆r . (15)
Therefore, in order that the wave is contained in a region
with the size l, the wavelength needs to satisfy
1 <∼
l
λlocal
=
2a
λ
, (16)
which turns out to be the same as (3). This tells that such
a wave packet that can go into the black hole behaves as
a particle near r = a. Therefore, we can conclude that
(12) is the position where any wave approaches. Note
that (16) is nothing but the condition for the eikonal
approximation.
C. New picture
1. Surface of black holes
We consider spherically symmetric collapsing matter
that forms a black hole in the conventional picture. As is
4discussed in Appendix C, we can regard it as consisting of
thin shells with the minimum energy (5). An important
point is that because of the spherical symmetry, the time
evolution of each shell is not affected by the shells outside
it, if we describe the motion using the local time. Then,
assuming that the mass inside each shell is decreasing as
in (2), we can apply (12) for each shell, and find that it
is always apart from its Schwarzschild radius. Therefore,
we can conclude that there is no trapped region.
Next, we consider the outermost shell. Because its
radius approaches R(a(t)) = a(t) + 2σ(a(t))a(t) , all matter
is stuffed in the region r < R(a(t)), which means that
the object has a clear boundary at r = R(a(t)). This is
the reason why we call R(a) the surface [13]. The region
outside the surface is almost empty, and the object looks
exactly the same as the conventional black holes when
it is observed from the outside. On the other hand, the
inside of the surface is totally different. In particular,
the horizon no longer exists [8, 15, 16] because of the
nontrivial distance (13). In the following, we call the
object a black hole, although it is significantly different
from the conventional ones.
Here, one might wonder if the Hawking radiation is
really created by such an object. However, we can show
that indeed it is [8, 15] (see also Appendix C). Gener-
ally, particle creation occurs in a time-dependent poten-
tial, and it takes the Planck-like distribution if the affine
parameters on the null generators of the past and fu-
ture null infinity are related exponentially [17]. Indeed,
in Appendix D, using the self-consistent metric obtained
in Sec. IV, we show that particles are created from the
vacuum in accordance with the Planck-like distribution
with the Hawking temperature [18]
TH(t) =
~
4πa(t)
. (17)
However, as we will see in Sec. II D, the distribution may
be modified by the interaction between the collapsing
matter and the radiation.
2. Self-consistent time evolution of each shell
In this subsection we investigate how each shell loses
energy during the Hawking radiation. When we analyze
the time evolution of a shell, we can ignore the matter
outside it because of the spherical symmetry, and regard
the system as consisting of the shell and the core. Here,
the core is the part of the system inside the shell, and
we denote its radius and mass by r′ and a
′
2G , respectively.
For simplicity, we assume that r′ is already very close
to R(a′) and that the Hawking radiation is emitted as a
conventional black hole,
da′
dt′
= −2σ(a
′)
a′2
, (18)
where t′ is the time without taking the matter outside
the core into account. We also assume for simplicity that
FIG. 2: Time evolution of the core with a′ and the shell with
ǫ(t = 0) ∼ ~
a
in the view of the local time t.
the shell has no thickness and denote its radius by rs.
Now we can discuss how the energy of the shell de-
creases from its initial value, which we assume to be
ǫ ∼ ~a . We can consider the following three stages. See
Fig.2.
Stage I.—The shell is far from the core, and the radi-
ation emitted from the core is not altered by the shell.
The total mass a(t)2G decreases as
da
dt
≈ −2σ(a
′)
a′2
. (19)
Stage II.—In the time scale of order a, the shell comes
close to the core. Then the total system behaves like a
black hole with radius a, the surface of which is located
at r = rs = R(a), and radiates as usual (2). However,
the radiation comes mainly from the shell because the
radiation from the core is extremely weakened by the
redshift dtdt′ caused by the shell, although the core itself
radiates constantly as (18) in terms of t′. Therefore, a′(t),
and thus R(a′(t)), change very little during this stage.
We can examine the time evolution of the energy of
the shell more precisely, which is given by ǫ(t) = ∆a(t)2G ,
where ∆a = a− a′. The metric outside the core is given
by
ds2 =
{
− r−a(t)r dt2 + rr−a(t)dr2 + r2dΩ2, for rs ≤ r,
− r−a′(t′)r dt′2 + rr−a′(t′)dr2 + r2dΩ2, for R(a′) ≤ r ≤ rs,
(20)
where a(t) and a′(t′) follow (2) and (18), respectively.
The relation between t and t′ is obtained as follows. First,
we write the time evolution of rs in two ways using the
metric outside and inside the shell:
drs
dt
= −rs(t)− a(t)
rs(t)
,
drs
dt′
= −rs(t
′)− a′(t′)
rs(t′)
. (21)
Then, by taking the ratio, we get
dt′
dt
=
rs − a
rs − a′ =
2σ(a)
a
2σ(a)
a +∆a
(22)
≈ 1− a∆a
2σ(a)
(23)
5where we have used rs = R(a) = a+
2σ(a)
a and assumed
∆a <∼
l2p
a together with (14). By using (2), (18), (23), and
1
a′2 ≈ 1a2
(
1 + 2∆aa
)
, we obtain
dǫ
dt
=
1
2G
(
da
dt
− da
′
dt
)
=
1
2G
(
da
dt
− dt
′
dt
da′
dt′
)
≈ − 1
2G
[
2σ(a)
a2
−
(
1− a∆a
2σ(a)
)
2σ(a)
a2
(
1 +
2∆a
a
)]
≈ − ǫ
a
, (24)
which gives
ǫ(t) = ǫ(0)e−
t
a(t) . (25)
Here we have used the fact that a(t) does not change
significantly in the time scale of O(a). Thus, the energy
of the shell decreases exponentially in the time scale
∆tdecay ∼ a . (26)
Note that the redshift (23) plays a crucial role in (24).
This indicates that in general the radiation observed from
the outside comes from the region near the surface.
Stage III.—When the energy of the shell is exhausted,
the core starts to radiate without redshift.
Because the above argument can be applied to any
shell, we conclude that the whole object evaporates from
the outside as if an onion is peeled. A more detailed
analysis is as follows. First we estimate how many shells
around the surface are moving without large redshift.
From (22), we have
dt′
dt
= O(1) <∼ 1⇐⇒ ∆a <∼
σ
a
. (27)
Therefore, if we consider a black-hole-like object with
radius a0, the outermost region with the width
∆rsurface ∼ σ(a0)
a0
(28)
is not frozen, which contains σl2p
shells with energy ǫ ∼ ~a0 .
Then, the lifetime of the object is estimated as
∆tlife ∼ (the decay time of a shell)
× (the total number of the shells)
(the number of shells moving at the same time)
∼ a0 ×
(
a0
G
ǫ
× 1σ
l2p
)
∼ a
3
0
σ
, (29)
which agrees with the one obtained from (2).
3. Interior of the evaporating black hole
Now we consider the interior of the object. See Fig.3.
We examine the region deeper than the outermost one
FIG. 3: The interior picture of an evaporating black hole.
considered in the previous subsection. In terms of the
local time, the shells in this region simply keep falling as
(9) for the local quantities r′, a′, and t′ (see the lower
closeup of Fig.3). However, if we see them from the out-
side, time is frozen due to the large redshift after the
outermost shells come close to the surface. To check this
explicitly, we consider a shell with radius r′ in the deep
region so that ∆a = a − a′ ≫ ∆rsurface ∼ σa . Here,
a and a′ are the Schwarzschild radius corresponding to
the mass of the total system and that inside the shell,
respectively. An important point here is that the shell
has not necessarily reached R(a′). In fact, in that case,
Eq. (22) becomes
dt′
dt
≈ 2σ
a∆a
, (30)
which leads to
∆t′ ∼ a⇐⇒ ∆t ∼ a
2
σ
∆a≫ a . (31)
As we have seen, ∆t′ ∼ a is the time scale in which
the shell reaches R(a′). On the other hand, ∆t ∼ a2σ ∆a
is the time scale in which the matter outside the shell
evaporates by the Hawking radiation. Thus, we have seen
that the interior region is almost frozen and its structure
depends on the initial distribution [19]. Each shell starts
to evolve after the matter outside it disappears.
Next, we discuss the outermost region with the width
∼ σa , where time flows without large redshift. For any
initial distribution, each shell in this region reaches the
asymptotic position R(a′) in the time scale a. Then, the
Hawking radiation starts to be created, and the energy
of the shell decreases exponentially as (25) (see the upper
closeup of Fig.3). As we will see later, this time evolu-
tion depends on the initial data, which gives a natural
mechanism of the information recovery.
So far, we have found that a collapsing matter becomes
a compact object with the surface located at r = R(a(t)),
6and it evaporates without forming a trapped region in the
time scale of a
3
σ . We will also see in Sec. II F that no
trans-Planckian problem occurs if the theory has many
species of matter fields. Thus, we obtain the Penrose
diagram as in Fig.4, which is topologically the same as
the Minkowski space [8, 15] [20].
FIG. 4: The Penrose diagram of the evaporating black hole
in the vacuum.
D. Closer look at the surface and intensity σ(a)
In this subsection we examine the surface more pre-
cisely. In particular, we consider the effect that some
portion of the Hawking radiation is scattered back due
to the gravitational potential or scattering with the other
matters.
FIG. 5: A closer look at the outermost region.
The outermost region is magnified in Fig.5. Here, for
simplicity, time is discretized to the interval ∆t ∼ a. S
stands for the surface which is located at r = R(a(t)) =
a(t) + 2σ(a(t))a(t) . Suppose that matter or radiation with
energy ǫ ∼ σ0(a)a is emitted from the surface at t = ti,
which is shown as Pi in the figure [23]. Here σ0(a) is
the “raw intensity” before taking the scattered flow into
account. In the time scale a, the matter reaches r = rg ≡
a+∆r, where ∆r ∼ a. At this point Qi+1, some amount
of the matter is scattered back while the rest goes to
infinity. In order to indicate the portion of the scattered
energy, ǫscat, we introduce a function g(a) as
ǫscat =
g(a)
1 + g(a)
ǫ . (32)
g(a) should be an order 1 quantity and may depend on
the matter Lagrangian. Then, in the time scale a, the
scattered matter comes back to the surface S, which is
shown as Pi+2. Then, it enters into the object and keeps
going along the trajectory Si+2, and it is covered by the
subsequent matter or radiation. Here, Si is located at r =
R0(ai) ≡ ai + 2σ0(ai)ai , which is the asymptotic position
of the shell that started from Qi−1. Thus, a part of the
Hawking radiation comes back in the time scale ∼ a.
This process occurs continuously, and we find that the
physical surface S consists of the scattered matter and
radiation.
Now, we relate the raw intensity σ0 to the net intensity
σ. To do it, we estimate how the mass of the total system
decreases during ti+2 ≤ t ≤ ti+3. Adding the decrease
by the raw emission and the increase by the scattered
energy (32), we have
∆a = − 2σ0
a2i+2
∆t+
g
1 + g
2σ0
a2i
∆t
≈ −2σ0
a2
∆t+
g
1 + g
2σ0
a2
∆t = − 1
1 + g
2σ0
a2
∆t . (33)
Comparing this with (2), we obtain
σ(a) ≡ σ0(a)
1 + g(a)
. (34)
Although g(a) may depend on the detail of the matter
Lagrangian, the argument in Sec. II B is still valid, and
the position of the surface S is determined by σ, as in
(12).
E. Stationary black holes in the heat bath
Here we consider how the black-hole-like object be-
comes in equilibrium with the heat bath. Suppose an
evaporating object with mass a2G is put in the heat bath
of temperature TH =
~
4πa . As the matter in the outer-
most region comes out of the object [23], the radiation
from the heat bath replaces it. Because the collapsing
matter is replaced by the radiation in the heat bath, this
process is not an equilibrium one. After this process is
completed in the outermost region, the system becomes
stationary. Figure 6 represents this situation.
The remarkable point is that this process occurs only
in the outermost region where time flows. The matter
in the deeper region is almost frozen and keeps having
its initial information. Nevertheless, the total object be-
comes in equilibrium with the heat bath in that the out-
going and ingoing flows balance almost completely. In
the rigorous sense it is merely a stationary state, but in
practice it behaves as an equilibrium state. Finally, we
7FIG. 6: The black hole that is in equilibrium with the the heat
bath. The matter in the outermost region has been replaced
with radiation from the heat bath.
FIG. 7: The Penrose diagram for the stationary black hole in
Fig. 6.
show the Penrose diagram. See Fig. 7. While the interior
structure depends on the initial distribution of matter,
the exterior is universally described by the Schwarzschild
metric, Eq. (8) with a =const..
F. Absence of trans-Planckian problems
In this subsection we will show that the trans-
Planckian effects are absent if the theory has many fields.
We consider the matter in the outermost region with
width ∼ σa , where time flows as is discussed in (28). The
energy of the matter is given by ǫ ∼ σGa due to the re-
lation a = 2GM . Because the energy of the minimum
quantum is ǫ1 ∼ ~a as discussed by Bekenstein [4], we can
regard the matter as consisting of ǫǫ1 ∼ σl2p ∼ N quanta.
This is consistent with the fact that we have N species
of fields. In fact, we can consider how the N quanta with
wavelength ∼ a are compressed to form the outermost
region just outside the core. See Fig. 8. During this
process, the waves are adiabatically compressed because
the initial wavelength is ∼ a, and the condition (16) is
satisfied.
FIG. 8: σ
l2p
quanta with energy ǫ1 ∼ ~a approaching the core.
Each quantum with energy ǫ1 ∼ ~a is blueshifted as it
falls toward the core, and the energy becomes
ǫlocal1 =
ǫ1√−gtt(R(a)) ∼
~√
σ(a)
. (35)
Here we have used (12) and (20) to obtain gtt(R(a)) =
−R(a)−aR(a) ≈ − 2σ(a)a2 . From (14), we have ǫlocal1 ≪ mp
when N is large. This indicates that each quantum does
not have trans-Planckian energy.
It should be noted that the wavelength λlocal1 of each
quantum is of the same order as the proper length ∆l of
the outermost region:
λlocal1 =
~
ǫlocal1
∼
√
σ(a) (36)
∆l ∼
√
grr(R(a))
σ(a)
a
∼
√
σ(a) . (37)
Here we have used (12) and (20) to obtain grr(R(a)) =
R(a)
R(a)−a ≈ a
2
2σ(a) . This gives another support to the pic-
ture that the waves are adiabatically compressed as in
Fig. 8 [24].
The above results suggest that the typical scale in
which things change is ∼ √σ. Therefore, the curvature
can be estimated as
R ∼ 1
(
√
σ)2
∼ 1
σ
, (38)
which is smaller than l−2p from (14). We will justify this
result in Sec. IV by examining the self-consistent metric.
See Eq. (75).
We can show that the energy density ρ = −〈T tt〉 is
much smaller than the Planck scale if the object is suffi-
ciently large, a≫ lp . First, we note that for the general
spherically symmetric system the Arnowitt-Deser-Misner
energy (ADM energy) inside radius r is given by [10]
M(r) = 4π
∫ r
0
dr′r′2ρ(r′) . (39)
8In Fig. 8, the total energy ǫ of the quanta is conserved,
and using (39), we have
ǫ ∼ 4πa2∆rbeforeρbefore ∼ 4πa2∆rafterρafter . (40)
Here, ∆rbefore, ρbefore, ∆rafter , and ρafter are the size
of the region and the energy density before and after
the process, respectively. Using ǫ ∼ σGa , ∆rbefore ∼ a,
∆rafter ∼ σa , and N ∼ σl2p , we obtain
ρbefore ∼ N~
a4
, (41)
ρafter ∼ 1
Ga2
. (42)
Both are much smaller than the Planck scale if N is not
too large. Equation (42) will be checked by the self-
consistent solution [see Eq. (78)].
It is expected that the energy flux density is of the same
order as the energy density, because the matter is ultra-
relativistic near R(a) as in (35). Indeed, we can check
this as follows. The Hawking flux is given by J(a) = σ(a)Ga2
from (2), and considering the double blueshift factors, we
have
Jlocal(R(a)) =
(
1√−gtt(R(a))
)2
J(a)
≈ a
2
2σ(a)
σ(a)
Ga2
=
1
2G
. (43)
Therefore, the flux per unit area is estimated as [16]
jlocal(R(a)) =
1
4πR(a)2
Jlocal(R(a)) ≈ 1
8πGa2
, (44)
which is again very small compared with the Planck scale.
Note that if the horizon existed Jlocal would diverge at
r = a.
G. Strong angular pressure
We show that a strong pressure in the angular direc-
tion appears in the interior of the black hole. We con-
sider stage II of Fig. 2, and evaluate the surface energy-
momentum tensor on the shell. We can use the junction
condition for a null hypersurface [25, 26], because the
shell moves almost lightlike along (9). We obtain the
surface energy density and surface pressure [8] (see Ap-
pendix F for the derivation.):
ǫ2d =
ǫ
4πr2s
, p2d =
−rs
8πG(rs − a)2
[
da
dt
−
(
rs − a
rs − a′
)2
da′
dt′
]
.
(45)
ǫ2d simply represents the energy per unit area of the shell
with energy ǫ. In the expression of p2d, the first term cor-
responds to the total energy flux from the whole object
(2). The second term represents the energy flux from the
core (18) that is redshifted due to the shell [see Eq. (22)].
Thus, p2d is induced by the Hawking radiation from the
shell itself.
We can estimate p2d for rs = R(a) using a similar
argument to (24) (see Appendix F):
p2d ≈ rs
8πG(rs − a)2
[
2σ
a2
−
(
1− a∆a
σ
)
2σ
a2
(
1 + 2
∆a
a
)]
∼ a
GN2l2p
. (46)
Here ∆a ∼ l
2
p
a and (14) have been used. Let us see
how large this is as a three-dimensional quantity. Not-
ing that p2d is a force per unit length on the spherical
shell with the curvature radius ∼ a, we expect that the
three-dimensional pressure is given by
pθ ∼ p2d
a
∼ 1
GN2l2p
. (47)
As we will show in Sec. IVD, Eq. (47) can be under-
stood by the four-dimensional Weyl anomaly [27]. This
is large, but not trans-Planckian because of (14). If an
observer falls into the object as Si in Fig. 5, he will
find this intense pressure around the surface. This may
be identified with the firewall [28], although the inter-
pretation is rather different. Furthermore, the pressure
is extremely anisotropic because the radial pressure pr
can be estimated as pr ∼ jlocal ∼ 1Ga2 from (44), which
is much smaller than (47). Therefore the interior of the
object cannot be regarded as the ordinary fluid.
At a first glance the strong angular pressure seems
mysterious. However, it plays an important role to decel-
erate and sustain the collapsing matter. They lose energy
as they shrink against the pressure, and the energy is
converted to the Hawking radiation. Therefore, we can
conclude that the existence of the strong angular pres-
sure is self-consistent and robust. In this sense, the new
picture is very different from that of the two-dimensional
models [29].
III. INFORMATION RECOVERY IN THE NEW
PICTURE
A. Interaction
As we have seen in the new picture, the Hawking radi-
ation is created near the surface (see Appendix D for the
detailed analysis). Therefore, it is important to consider
the interaction between the collapsing matter and the
Hawking radiation. Here, we estimate the time scale of
the scattering by considering only the s-wave and approx-
imating the interaction as a one-dimensional scattering
problem.
Suppose that the ingoing matter and outgoing Hawk-
ing radiation interact with a small dimensionless coupling
constant λ (see Fig. 9). There are two possible cases.
9FIG. 9: Scattering process between ingoing matter and out-
going radiation in the outermost region.
One is the backward scattering, after which the ingoing
matter goes outward and the Hawking radiation inward.
In this case, they exchange their energies. The other is
the forward scattering, in which the matter and radiation
go through each other. If we denote the probability of
the backward scattering per unit proper time by Plocal,
the scattering proper time ∆τscat is evaluated from∫ ∆τscat
0
dτPlocal = 1 , (48)
where dτ =
√−gtt(r ≈ R(a))dt ≈ √2σ(a)a dt.
We can estimate Plocal as follows. First we have
Plocal = Ωcross × F , (49)
where Ωcross and F are the cross section and the number
flux, respectively. Ωcross is given by
Ωcross ∼ λ2 ~
ǫlocalin
~
ǫlocalout
, (50)
where ǫlocalin and ǫ
local
out are the local energy of the ingo-
ing matter and outgoing radiation, respectively. We note
that the energy of the wave in the collapsing matter de-
cays as (25) and that the typical local energy scale is
given by (35). Thus, we have
Ωcross ∼ λ2σ(r)e
τ√
2σ(r) . (51)
Next, using (44), we have
F ∼ jlocal(R(a))× 1
ǫlocalout
∼
√
σ(a)
l2pa
2
. (52)
Then, Eq. (48) becomes
1 =
∫ ∆τscat
0
dτΩcross × F
∼
∫ ∆τscat
0
dτλ2σ(a)e
τ√
2σ(a) ×
√
σ(a)
l2pa
2
≈
√
2λ2σ(a)2
l2pa
2
e
∆τscat√
2σ(a) ,
from which we obtain
∆τscat ∼
√
2σ(a) log
[
lpa
λσ(a)
]
. (53)
In terms of the Schwarzschild time, it corresponds to
∆tscat ∼ a log
[
lpa
λσ(a)
]
. (54)
B. Wave nature of matter
We next examine another possible mechanism of the
information recovery. Equation (25) indicates that the
wavelength of the particles in the outermost region in-
creases as
λlocal(τ) =
~
ǫlocal(τ)
∼
√
σ(a)e
τ√
2σ(a) , (55)
where we have used (25), (36), and dτ ≈
√
2σ(a)
a dt. The
matter can no longer stay in the black hole if the wave-
length becomes larger than the size of the black hole:
λlocal(τ) >∼ lBH(τ) . (56)
Here,
lBH(t) =
∫ R(a(t))
0
dr
√
grr(t, r) (57)
is the proper size of the black hole which depends on the
interior metric grr(t, r). We can rewrite the condition
(56) by using (55) as
τ >∼
√
2σ(a) log
[
lBH√
σ(a)
]
≡ ∆τwave . (58)
Thus, ∆τwave is the time scale in which the matter comes
back by the wave nature.
lBH is estimated as follows. We first note that the flat
space, in which grr = 1, has the minimum proper length.
On the other hand, we expect that the interior of the
adiabatically formed black hole, which we will see in the
next section, has the longest proper length. Thus, using
the self-consistent metric (72), we have
1 ≤ grr(r) ≤ r
2
2σ(r)
=⇒ a <∼ lBH(a) <∼
a2
2
√
2σ(a)
. (59)
At any rate, ∆τwave is approximately given by
∆τwave ∼
√
2σ(a) log
a√
σ(a)
, (60)
from which we obtain the time scale in terms of the
Schwarzschild time
∆twave(a) ∼ a log a√
σ(a)
. (61)
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C. Time evolution of information recovery
Based on the above results, we can discuss how the
information recovers in the evaporation process. Because
the two time scales (54) and (61) are essentially the same
and expressed as
∆tback ∼ a log a
lp
, (62)
we do not have to distinguish the detailed mechanism.
At any rate it indicates that after the particle with initial
energy ∼ ~a reaches the surface of the black hole, it comes
back with its initial information in the time scale ∆tback .
Thus the energy flow agrees with the information flow,
and the information comes back in sequence from the
outside as the black hole evaporates. Note that (62) also
corresponds to the thermalization time in the sense of
Sec. II E.
We can examine the time evolution of the entangle-
ment entropy between the black hole and the emitted
matter. Suppose that initially the collapsing matter is
in a pure state. The time evolution of the total system
is unitary because there is no trans-Planckian physics
and it is described by a local field theory. Therefore,
as usual, the entanglement entropy increases for a while,
and it starts to decrease after about half of the black
hole has evaporated. This time is about the half of the
lifetime of the black hole ∼ a3σ , which is essentially the
same as the Page time [30]. When the black hole evapo-
rates completely, the entropy becomes zero again, which
means that all the information has come out.
D. Nonconservation of baryon number
We discuss the conservation of the baryon number in
the evaporation process. Suppose we construct a black
hole with radius a from a
2
l2p
baryons by repeating Beken-
stein’s operation [4] (see Appendix A). The important
point is that although each baryon has the rest mass m,
it increases the ADM mass of the black hole by ∼ ~a ,
which is much smaller than m. Then, if the baryon num-
ber is conserved, not all the baryons can come back to
infinity after the evaporation because the total rest mass
∼ a2l2pm is much larger than the total ADM mass
a
2G . In
other words, even if the baryons are emitted near the
surface, they cannot reach infinity due to the binding en-
ergy. String theory may give an answer to this paradox.
Actually in string theory it is believed that there is no
continuous global symmetry, and any continuous symme-
try must be gauged [31]. Therefore, we can expect that
baryons are converted to massless particles through some
interaction in the region near the surface where the local
energy of particles is close to the Planck scale as (35).
Thus the black hole made from baryons can evaporate
by violating the baryon number conservation.
IV. ADIABATICALLY FORMED
SCHWARZSCHILD BLACK HOLE
A. Black hole in the heat bath
We consider a small Schwarzschild black hole put in
a heat bath and grow it to a large one adiabatically by
changing the temperature and size of the heat bath prop-
erly (see Fig. 10). As was discussed in Sec. II, the black
FIG. 10: The black hole that is formed adiabatically in the
heat bath.
hole has the surface at r = R(a′) when the mass is a
′
2G ,
and the radiation from the black hole always balances
that from the heat bath as in Fig. 6. Therefore the
structure at the radial coordinate r is completely deter-
mined when the surface is at r. Once it is determined, it
is not altered even after the black hole grows because of
the spherical symmetry [32]. Hence, the interior metric is
independent of the total size of the black hole, a. Thus,
we can parametrize the metric as
ds2 = − 1
B(r)
eA(r)dt2+B(r)dr2+r2dΩ2, for r ≤ R(a) ,
(63)
where neither A(r) nor B(r) depends on a. In the next
subsection, we will determine A(r) and B(r) in terms of
two phenomenological functions. On the other hand, the
region r ≥ R(a) is approximated by the Schwarzschild
metric, Eq. (8) with a =const..
We discuss here the time scale for adiabaticity. As we
have seen in the previous sections, the unfrozen region
at each stage has the width ∼ σ(a′)a′ , (28), and it is ther-
malized in the time scale a′ log a
′
lp
, (62). Therefore, if the
radius a changes by ∆a ∼ σa in a time scale longer than
a log alp , it can be regarded as an adiabatic process [33].
B. Determination of the interior metric
The function B(r) is easily determined if we assume
that the metric at radial coordinate r is completely frozen
to the value when the surface is at r in the growing pro-
cess Fig. 10. First, grr on the surface is obtained from
(8) by setting r = R(a):
grr|r=R(a) = R(a)R(a)− a =
R(a)a
2σ(a)
≈ R(a)
2
2σ(R(a))
. (64)
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In the last expression we have replaced a with R(a) be-
cause 2σa is much less than a for a large black hole, a≫ lp.
This can be directly identified with B(R(a)) in (63) be-
cause the radial coordinate r is uniquely fixed in the
Schwarzschild coordinate (8): B(R(a)) = R(a)
2
2σ(R(a)) . Be-
cause this result holds for any a, and we have postulated
that A(r) and B(r) do not depend on a, we find that the
function B(r) is determined as
B(r) =
r2
2σ(r)
. (65)
In order to determine A(r), we consider the energy-
momentum flow inside the black hole. Because the sys-
tem is in equilibrium, it has the time-reversal symmetry
and satisfies
−〈T µν〉kν = η(lµ+f(r)kµ), −〈T µν〉lν = η(kµ+f(r)lµ) .
(66)
Here, f(r) is expected to be of order 1 and vary slowly
compared with lp:
df
dr lp ≪ f . l and k are the radial
outgoing and ingoing null vectors, respectively,
l = e−
A
2 ∂t +
1
B
∂r, k = e
−A2 ∂t − 1
B
∂r , (67)
which transform under time reversal as (l,k) →
(−k,−l). Equation (66) can be rewritten as
〈T kk〉 : 〈T lk〉 = 1 : f, 〈T kk〉 = 〈T ll〉 , (68)
where T kk stands for T µνkµkν , and so on. This is also
expressed in terms of the ratio between the energy density
−〈T tt〉 and the radial pressure 〈T rr〉:
〈T rr〉
−〈T tt〉 =
1− f
1 + f
. (69)
Here we discuss the physical meaning of f(r) (see
Fig.11). The vector Pµ = 〈T µk〉 at r inside the black hole
represents the energy-momentum flow through the ingo-
ing lightlike spherical surface S of radius r. Since S can
be regraded as an evaporating black hole with M ≈ r2G ,
Pµ describes the radiation from the black hole. If the ra-
diated particle is massless and propagates outward along
the radial direction without scattering, Pµ should be par-
allel to lµ, which means f = 0. Therefore, the value of
f represents the deviation from such an ideal situation.
If the radiated particle is massive, Pµ is timelike, and
we have f > 0. Even when the particle is massless, f
can become nonzero if the particle is scattered in the in-
going direction by gravitational potential or interaction
with other particles. Note that f(r) in the outermost
region may be different from one in the deeper region.
This is because the energy density outside the surface is
less than that in the deeper region [see (41) and (42)],
and the probability of scattering should be different. In
the following, we assume that f(r) does not depend on a
except for a very thin outermost region.
FIG. 11: The meaning of f(r).
Once f(r) is given, we can determine A(r) as follows.
Using (69) and the Einstein equation we obtain
2
1 + f
=
Grr
−Gtt + 1 =
r∂rA
B − 1 + r∂r logB ≈
r∂rA
B
. (70)
In the last equation, we have used B ≫ 1 and B ≫
r∂r logB for r ≫ lp, which can be easily checked from
(65). From (65) and (70) we have
A(r) =
∫ r
r0
dr′
r′
(1 + f(r′))σ(r′)
, (71)
where r0 is a reference point.
Now, by connecting the inside metric (63) and the out-
side metrics (8) at the surface, we can write down the
metric of the black hole of radius a that has been grown
in the heat bath [15],
ds2 =
{
− 2σ(r)r2 e
− ∫R(a)
r
dr′ r
′
(1+f(r′))σ(r′) dt2 + r
2
2σ(r)dr
2 + r2dΩ2, for r ≤ R(a) ,
− r−ar dt2 + rr−adr2 + r2dΩ2, for r ≥ R(a) ,
(72)
where R(a) = a + 2σ(a)a . This metric is continuous at
r = R(a). We emphasize that the interior metric of (72)
does not exist in the classical limit ~ → 0 because σ(r)
vanishes.
As we have discussed in Sec. II, in general the inside
metric depends on the initial distribution of the collaps-
ing matter. If we put such an object in the heat bath with
the Hawking temperature, the outermost region becomes
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in equilibrium (as discussed in Sec. II E) in the time scale
a log alP , while the deeper region is almost frozen. How-
ever, if we wait a very long time, or if we make it shrink
and grow adiabatically by changing the temperature of
the heat bath, the inside is replaced by the radiation from
the heat bath, and the object becomes exactly in equilib-
rium, the metric of which is given by (72). In this sense,
the metric (72) represents the state with the maximum
entropy. We will show later that it agrees with the area
law.
Similarly, we can construct the metric of the evaporat-
ing black hole in the vacuum. To do that, we first rewrite
(63) in the Eddington-Finkelstein-like coordinates as
ds2 = −eA(r)2
(
1
B(r)
e
A(r)
2 du+ 2dr
)
du+ r2dΩ2 , (73)
where we have introduced u-coordinate by du = dt −
B(r)e−
A(r)
2 dr. Then, we obtain the metric by connecting
(73) to the Vaidya metric [9] along the null surface S,
ds2 =

−e
− ∫R(a(u))
r
dr′ r
′
2(1+f(r′))σ(r′)
(
2σ(r)
r2 e
− ∫R(a(u))
r
dr′ r
′
2(1+f(r′))σ(r′)du+ 2dr
)
du+ r2dΩ2, for r ≤ R(a(u)) ,
− r−a(u)r du2 − 2drdu+ r2dΩ2, for r ≥ R(a(u)) ,
(74)
where R(a(u)) = a(u) + 2σ(a(u))a(u) , and a(u) satisfies
da(u)
du = −σ(a(u))a(u)2 . This metric is continuous at r =
R(a(u)).
C. Consistency checks
We give some consistency checks here. First,
we investigate the large redshift inside the black
hole. The tt-component of (72) behaves as −gtt ∼
exp
(
− a(1+f)σ (R − r)− 2 log a√2σ
)
slightly below the sur-
face, r <∼ R. Here, we have used the fact that σ(r)/l2p and
f(r) are of order 1 and small compared with r/lp. This
means that time flows only in the outermost region with
the width of O
(
l2p
a
)
, and it is exponentially frozen in the
deeper region, which is consistent with (28).
Next, we examine the validity of the use of the Einstein
equation. From (72), we can evaluate the geometrical
invariants in the region lp <∼ r ≤ R(a) and obtain
R,
√
RµνRµν ,
√
RµναβRµναβ ∼ 1
(1 + f)2σ
. (75)
This means that if the condition
σ(1 + f)2 ≫ l2p (76)
is satisfied, the curvature is small compared to l−2p , and
we can use the Einstein equation without worrying about
the higher-derivative corrections. Note that (76) is the
same as (14) because f = O(1), and (75) is consistent
with (38). The condition (76) is realized if there are
many fields as in the standard model. Although this field-
theoretic approach does not apply to the small region 0 ≤
r <∼ lp, the curvature at r ≈ lp is smaller than the Planck
scale as (75), and dynamics in such a small region would
be resolved by string theory. In this sense, this metric
does not have a singularity [34], as we have expected
in Sec. II F. Furthermore, as we will check in the next
subsection, Eqs. (72) and (74) correctly contain the effect
of the four-dimensional Weyl anomaly. In this sense, they
can be regarded as the self-consistent solutions of
Gµν = 8πG〈Tµν〉 . (77)
We then investigate the behavior of the energy-
momentum tensor inside the black hole. They can be
evaluated from (72) for r≫ lp as [35]
−〈T tt〉 = 1
8πG
1
r2
, 〈T rr〉 = 1
8πG
1− f
1 + f
1
r2
,
〈T θθ〉 = 1
8πG
1
2(1 + f)2σ
. (78)
The energy density −〈T tt〉 = 18πG 1r2 is positive definite
everywhere [37] and consistent with (42). It gives the
mass of the black hole correctly through (39):
M = 4π
∫ R(a)
∼√σ
dr′r′2(−〈T tt〉) ≈ a
2G
. (79)
Furthermore, the strong angular pressure 〈T θθ〉 appears
as in (47). Actually, it breaks the dominant energy con-
dition [26], 〈T θθ〉 ≫ −〈T tt〉, and leads to the drastic
anisotropy, 〈T θθ〉 ≫ 〈T rr〉, as we have discussed in Sec.
IIG. Thus, the interior is not a fluid.
Finally, we check that the energy-momentum flow
Pµ = 〈T µk〉 through the ingoing lightlike spherical sur-
face S is equal to the strength σ of the Hawking radiation.
Actually, the total energy flux measured by the local time
is given by
J ≡ 4πr2Pµuµ = 4πr2 1
B
(−〈T tt〉) = σ
Gr2
, (80)
where u = e−
A
2 ∂t, and in the last equation we have used
(65) and (78). This is consistent with (2).
13
D. Case of conformal matter
In this subsection we consider conformal matter, and
show that the metric (72) is indeed the self-consistent
solution of Gµν = 8πG〈Tµν〉 [15]. We start with the
Weyl anomaly [38, 39]
Gµµ = 8πG〈T µµ〉 = γF − αG + 2
3
βR , (81)
where F ≡ CµναβCµναβ and G ≡ RµναβRµναβ −
4RµνR
µν +R2. We have introduced the notations
γ ≡ 8πG~c, α ≡ 8πG~a, β ≡ 8πG~b , (82)
where c, a, b are the coefficients in the Weyl anomaly.
This equation together with the assumption (68) deter-
mines A(r) and B(r) as follows.
Here, we assume that for r ≫ lp, A(r) and B(r) are
large quantities of the same order as expected from (65)
and (71):
A(r) ∼ B(r)≫ 1 . (83)
In order to examine what terms dominate in (81) for
r ≫ lp, we replace A, B, and r with µA, µB, and √µr,
respectively, and pick up the terms with the highest pow-
ers of µ. Then, we have [40]
A′2
2B
+ · · · = γ
(
A′4
12B2
+ · · ·
)
− α
(
−µ−1 2A
′2
r2B
+ · · ·
)
+
2
3
β
(
µ−1
[
A′3B′
4B3
− A
′2A′′
2B2
]
+ · · ·
)
.
(84)
Therefore, under the assumption µ ≫ 1, Eq. (84) be-
comes A
′2
2B = γ
A′4
12B2 , that is,
B =
γ
6
A′2 . (85)
By combining this equation with (70), which is the con-
sequence of (68), 21+f =
r∂rA
B , we obtain
A′ =
3(1 + f)r
γ
, B =
3(1 + f)2r2
2γ
. (86)
It is natural to expect that the dimensionless function
f(r) is a constant for the conformal fields
f(r) = const. (87)
If we assume it, we obtain the following interior metric:
ds2 = − 2γ
3(1 + f)2r2
e−
3(1+f)
2γ [R(a)
2−r2]dt2
+
3(1 + f)2r2
2γ
dr2 + r2dΩ2, for r ≤ R(a). (88)
This contains only two parameters. One is the c-
coefficient, which is determined by the matter content.
The other is the constant f , which may depend on
the detail of the dynamics and the initial state. Thus
we have seen that (88) is the self-consistent solution of
Gµν = 8πG〈Tµν〉 [41].
Now, we can understand the origin of the Hawking
radiation. In fact by comparing the second equation in
(86) with (65), we find
σ =
γ
3(1 + f)2
, (89)
and the condition for the curvature to be small (76) be-
comes γ ≫ l2p, that is,
c≫ 1 . (90)
Thus, we have seen that the Hawking radiation is pro-
duced by the four-dimensional Weyl anomaly [39, 42, 43].
It is interesting that the strength of the Hawking ra-
diation is proportional to the c-coefficient. The posi-
tive Hawking radiation ensures the positivity of the c-
coefficient [44]. Furthermore, if we compare (89) with
(34) in the outermost region, it is natural to conjecture
σ0 =
γ
3
, 1 + g = (1 + f)2 . (91)
We can also understand the existence of the strong
angular pressure. Actually, from (78), we have
〈T θθ〉 = 1
2
〈T µµ〉 , (92)
which indicates that the large pressure arises as a conse-
quence of the Weyl anomaly.
E. Mechanisms of energy extraction
1. Time evolution of the energy of the collapsing matter
We examine how the collapsing matter loses energy in
the metric (72). In Appendix G, we show that the local
energy ǫlocal(τ) decreases exponentially as a function of
the local time τ :
ǫlocal(τ) = ǫlocal(0)e
− τ√
2σ(1+f) . (93)
If we consider the outermost region, the decay time in
terms of the proper time
∆τdecay(r) =
√
2σ(r)(1 + f(r)) (94)
can be converted to the Schwarzschild time by using
dτ(R(a)) ≈
√
2σ(a)
a dt as
∆tdecay = (1 + f(a))a . (95)
This is consistent with (25) except for an extra factor (1+
f) . The decay time is increased by this factor because
the emission rate is reduced by the scattering.
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2. Energy exchange and the Weyl anomaly
Here we analyze the local energy conservation
∇α〈Tαβ〉 = 0 in the presence of the Weyl anomaly, and
try to get a microscopic picture of the energy decrease
(93). First we express the energy flux from each part
by the trace of the energy-momentum tensor. Using the
same argument as (43), we can show that the outgoing
flow of the local energy at r′ is given by
Jlocal(r
′) =
1
2G
. (96)
Then, the local energy flow created by the thin region
r −∆r ≤ r′ ≤ r is given by
∆Jlocal(r) = Jlocal(r) − Jlocal(r −∆r)
√
−gtt(r −∆r)
−gtt(r)
2
≈ e−A(r)∂r[eA(r)Jlocal(r)]∆r
=
r
2G(1 + f(r))σ(r)
∆r . (97)
This result is also obtained from the energy conservation
and the Weyl anomaly. In fact, by rewriting ∇α〈Tαβ〉 =
0 for the metric (72), we obtain
∆Jlocal
∆rlocal
= 4π
√
2σ(1 + f)〈T µµ〉 , (98)
where ∆rlocal =
√
grr∆r. This indicates that the out-
going energy is produced at each point by the four-
dimensional Weyl anomaly and increases as it goes out-
ward.
Similarly, we can consider the ingoing energy flow.
From the time reversal symmetry, we see that the in-
going energy flow decreases as it goes inward. This can
happen if the ingoing energy of the matter is reduced by
the negative energy that is created from the vacuum in-
side the black hole. This situation is similar to that in the
two-dimensional models [39, 46]. In our case, however,
the positive energy brought by the collapsing matter is
greater than the negative energy so that the total en-
ergy density is positive everywhere as (78). Thus, the
anomaly describes the net effect of the conversion of the
ingoing energy to the outgoing one. In order for this
mechanism to work, there must be proper interactions
between the collapsing matter and the negative energy
states. To describe the precise process of evaporation
such as the information recovery and the baryon number
nonconservation, it should be important to understand
such interactions.
F. Entropy
Because the adiabatically formed black hole has the
maximum entropy, the area law should be obtained if we
sum up the entropy of the interior. More concretely, we
put such a black hole in the vacuum, and examine the
entropy flow during the evaporation. Because the interior
is frozen, we slice it to shells with the typical width σr ,
which has been discussed in Sec. II F. See Fig. 12. Then,
FIG. 12: The evaporation of the adiabatically formed black
hole and the entropy
the total entropy should be given by
S =
∫
dl
∫
dτ s˙(r) , (99)
where s˙(r) is the entropy emitted per unit proper width
dl =
√
grrdr per unit local time dτ =
√−gttdt.
We first evaluate the local time ∆τflow(r) that it takes
for a shell with radius r to appear at the surface,
∆τflow(r) =
√
2σ(r)
r
∫ tC
0
dte
− ∫R(a(t))
r
dr′ r
′
2(1+f(r′))σ(r′)
≈
√
2σ(r)
r
∫ tC
0
dte−
a(t)2−r2
4(1+f(r))σ(r)
=
√
2σ(r)
r
∫ a(0)
r
da
a2
2σ(a)
e−
a2−r2
4(1+f(r))σ(r)
≈
√
2σ(r)(1 + f(r)) , (100)
where tC is the time at which a(t) becomes r, a(tC) = r,
and (2) has been used. Note that this agrees with (94)
because time flows only in the outermost region.
Next, we consider the entropy flux Js from each shell.
Because the black hole has been formed adiabatically, we
can use the relation ∆S = ∆QT and have Js =
Jlocal
Tlocal
.
Here, Jlocal is the local energy flux given by (96), and
Tlocal is the local temperature at r. We assume that in
the adiabatic process of the black hole formation, the
local temperature at a point is frozen to the value at
the moment when the point is covered by the surface.
Therefore, using gtt(r) = −1 + a′r , we have
Tlocal(a
′) =
1√−gtt(r = R(a′))
~
4πa′
=
~
4π
√
2σ(a′)
,
(101)
from which we obtain
Js =
Jlocal
Tlocal
=
2π
√
2σ(r)
l2p
. (102)
15
Then, we can calculate s˙ similarly to (97):
s˙(r) =
1√
grr∆r
[
Js(r) − Js(r −∆r)
√
−gtt(r −∆r)
−gtt(r)
]
≈ 1√
grr
e−A(r)∂r[eA(r)Js(r)]
≈ 2π
l2p(1 + f(r))
. (103)
Now, using (100), (103), and ∆l(r) = r√
2σ(r)
∆r, we
can evaluate (99) as
SBH
=
∫ R(a)
0
dr
r√
2σ(r)
×
√
2σ(r)(1 + f(r)) × 2π
l2p(1 + f(r))
=
∫ R(a)
0
dr
2πr
l2p
≈ πa
2
l2p
, (104)
which agrees with the area law, SBH =
A
4l2p
. We can also
derive the area law for the stationary black hole in the
heat bath . See Appendix H.
V. ADIABATICALLY FORMED CHARGED
BLACK HOLE
We consider a Reissner-Nordstrom black hole which is
adiabatically formed in the heat bath. In the following
sections we set ~ = G = 1.
A. Test particle near the evaporating charged
black hole
As in the case of the Schwarzschild black hole, we start
with examining the motion of a test particle near the
evaporating Reissner-Nordstrom black hole with mass
M(t) and electric charge Q(t). We represent the outside
spacetime by
ds2 = −r
2 − 2M(t)r +Q(t)2
r2
dt2
+
r2
r2 − 2M(t)r +Q(t)2 dr
2 + r2dΩ2 ,
= − (r − r+(t))(r − r−(t))
r2
dt2
+
r2
(r − r+(t))(r − r−(t))dr
2 + r2dΩ2 , (105)
where
r± ≡M ±
√
M2 −Q2 . (106)
Motivated by the Stephan-Boltzmann law for the entropy
flux [47], we parametrize the time evolution of r+(t) as
dr+
dt
≡ −2ηRN
r2+
, ηRN ≡ η¯RN
(
r+ − r−
r+
)3
. (107)
We assume that η¯RN = η¯RN (M,Q) is a quantity of order
1 and proportional to the number of fields. We also as-
sume that it varies slowly as a function of M and Q and
remains finite in the limit Q→M .
If a test particle comes sufficiently close to r+(t), its
motion is governed by
dr(t)
dt
= −2κRN(r(t) − r+(t)), κRN ≡ r+ − r−
2r2+
(108)
no matter what mass, angular momentum, or electric
charge it has. Here, r(t) represents its radial position,
and κRN is the surface gravity. Using a similar argument
to (11), we obtain
r(t) ≈ r+ + 2ηRN
r+ − r− + Ce
−2κRN t , (109)
where we have used (107). Thus, in the time scale of
O(r+), any particle reaches
RRN (M,Q) ≡ r+ + 2η¯RN
r+
(
r+ − r−
r+
)2
, (110)
where (107) has been used. The proper distance from
the outer horizon is estimated as
∆l =
√
grr(RRN )
2ηRN
r+ − r− ≈
√
2η¯RN
r+ − r−
r+
, (111)
which is larger than the Planck length if we have many
fields as in (14).
B. Interior structure and the thermodynamic
integrability
In this subsection, we consider the interior structure of
the adiabatically formed charged black hole. First, fol-
lowing the same argument as in Sec. II C 1, from (110),
we find that the object has the surface at r = RRN (M,Q)
and there is no trapped region inside it. Next, we con-
sider the process in which the black hole grows adiabat-
ically and discuss how the charge moves in the black
hole. Suppose radiation from the heat bath increases
the mass and charge of the black hole from M ′, Q′ to
M ′ +∆M,Q′ +∆Q. In this process, the electric charge
on the original surface RRN (M
′, Q′) should go outward
due to the repulsive force and eventually moves to the
new surface RRN (M
′ +∆M,Q′ +∆Q).
Therefore, it is natural to expect that all the charge
is distributed in the outermost region, where time flows
without large redshift. Then, the interior region is staffed
with neutral radiation, and in accordance with the adia-
batic formation, it should have the same structure as the
interior of the adiabatically formed Schwarzschild black
hole (72). Then there is no inner horizon. See Fig. 13.
This picture is natural from the thermodynamic point
of view. We consider the thermodynamic parameter
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FIG. 13: A picture of the Reissner-Nordstrom black hole con-
sistent with the condition for thermodynamical integrability.
Electric charge exists only in the outermost region with the
width ∼ 1
r+
.
space (M,Q). We can move from one point to another
along any path by controlling the temperature and elec-
tric potential of the heat bath. If the object really obeys
thermodynamics, the state is completely determined by
(M,Q), and should not depend on the path along which
(M,Q) is reached. On the other hand, the interior of the
object is frozen except for the outermost region, as we
have seen in section II. Therefore if the electric charge
did not move outward as mentioned above, it would be
distributed depending on the path, and the thermody-
namic integrability would be violated.
Interestingly, there is a fact that supports this picture.
Let us consider the energy of the object of Fig. 13. The
inside energy density is given by that of the Schwarzschild
black hole (78), and we obtain ρS =
1
8πr2 . The outside
one comes from the electric field of a spherical capacitor
of radius r+, ρEM =
Q2
8πr4+
[26]. Thus, using the general
formula (39), we have
M ≈ 4π
∫ RRN
0
drr2ρS + 4π
∫ ∞
RRN
drr2ρEM
=
RRN
2
+
Q2
2RRN
≈ r+
2
+
Q2
2r+
. (112)
This agrees with (106), which gives a nontrivial check for
the consistency of the above picture.
C. Simple model
We now write down the interior metric for such an
object. Because the charge distribution in the outermost
region would be nontrivial, we assume that the charge is
distributed on the surface. Then, the object consists of
the interior structure of the Schwarzschild black hole and
the charged thin shell.
Because the inside and outside metrics are the same as
that of the Schwarzschild (72) and Reissner-Nordstrom
black holes (105), respectively, we have
ds2 =

−
2σ(r)
r2 e
− ∫RRN
r
dr′ r
′
(1+f(r′))σ(r′) dτ2 + r
2
2σ(r)dr
2 + r2dΩ2, for r ≤ RRN ,
− (r−r+)(r−r−)r2 dt2 + r
2
(r−r+)(r−r−)dr
2 + r2dΩ2, for r ≥ RRN .
(113)
We will find the relation between two time coordinates τ
and t below. Here, the surface is considered as a timelike
hypersurface located as r = RRN =const. as in Fig. 6.
Then, the induced metric needs to be connected smoothly
[26, 36], and the condition of the tt-component is given
by
2σ(RRN )
R2RN
dτ2 =
(RRN − r+)(RRN − r−)
R2RN
dt2 ,
which is rewritten by using (109) as
dτ2 =
ηRN (M,Q)
σ(RRN )
dt2 . (114)
Thus, we obtain the metric for the adiabatically formed
charged black hole:
ds2 =

−
2σ(r)
r2 e
− ∫RRN
r
dr′ r
′
(1+f(r′))σ(r′) ηRN (M,Q)
σ(RRN )
dt2 + r
2
2σ(r)dr
2 + r2dΩ2, for r ≤ RRN ,
− r2−2Mr+Q2r2 dt2 + r
2
r2−2Mr+Q2 dr
2 + r2dΩ2, for r ≥ RRN .
(115)
We can evaluate the energy-momentum tensor on the
surface using Israel’s junction condition [26, 36]. In par-
ticular, the surface energy density ǫ2d is given by
ǫ2d =
1
4π
√
2σ(RRN )
R2RN
(
1−
√
ηRN (M,Q)
σ(RRN )
)
. (116)
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In order for this to be non-negative, we need to have
ηRN (M,Q) ≤ σ(RRN ) , (117)
which means dτ ≤ dt. This is consistent with the picture
that the electric charge lives on the surface. Then, it
is natural that the rr-component of (115) jumps at r =
RRN .
VI. ADIABATICALLY FORMED SLOWLY
ROTATING BLACK HOLE
We discuss a slowly rotating Kerr black hole which is
adiabatically formed in the heat bath. We denote the
ratio between ADM energy M and angular momentum
J by j ≡ JM .
A. Test particle near the evaporating Kerr black
hole
We begin with analyzing the motion of a test parti-
cle near the evaporating Kerr black hole. A remarkable
point is that, although we no longer have the spherical
symmetry, the notion of surface is valid because of the
Carter constant.
We assume that the metric of the evaporating Kerr
black hole with M(t) and j(t) is given by
ds2 = −Σ∆
P
dt2 +
P sin2 θ
Σ
(dφ − ωdt)2 + Σ
∆
dr2 +Σdθ2 ,
Σ ≡ r2 + j(t)2 cos2 θ, ∆ ≡ r2 − 2M(t)r + j(t)2 ,
P ≡ (r2 + j(t)2)2 −∆j(t)2 sin2 θ . (118)
The angular velocity at r measured by an observer with
zero angular momentum is
ω ≡ 2Mj
P
r
r→r+−−−−→ j
r2+ + j
2
≡ ωH , (119)
where r+ is the location of the outer horizon, which is
the solution of ∆ = 0:
r± ≡M ±
√
M2 − j2 . (120)
If a test particle comes close to r+(t), its motion is de-
scribed by (see Appendix I)
dr(t)
dt
= −2κK(r(t) − r+(t)) +O(r−3+ ), κK ≡
r+ − r−
2r2+
,
(121)
dθ(t)
dt
= O(r−3+ ) , (122)
dφ(t)
dt
= ωH +O(r−3+ ) , (123)
no matter what mass and angular momentum it has. The
test particle approaches r+ in the time scale of O(r+).
It rotates with the black hole while it hardly moves in
the θ-direction. Using a similar analysis to Sec. II B, we
obtain
r(t) ≈ r+ − 1
2κK
dr+
dt
+ Ce−2κKt . (124)
Therefore, any particle approaches
RK(M, j) ≡ r+ − 1
2κK
dr+
dt
, (125)
and we conclude that there is a clear surface at r =
RK(M, j).
B. Slowly rotating limit
We now investigate the interior of the adiabatically
formed Kerr black hole. However, it is difficult to ana-
lyze the general Kerr black hole because the discussions
in Sec. II depend on the spherical symmetry. In the
following parts, as a first trial, we consider the slowly ro-
tating limit in which we ignore terms with O(j2). Then
the Kerr metric (118) reduces to
ds2 = −r − 2M(t)
r
dt2 +
r
r − 2M(t)dr
2
+ r2dθ2 + r2 sin2 θ[dφ− ω(t, r)dt]2 +O(j2) (126)
with
ω =
2Mj
r3
+O(j2), r+ = 2M+O(j2), κK = 1
4M
+O(j2) .
(127)
Now the location of the horizon and the surface gravity
are the same as the Schwarzschild black hole. If we intro-
duce another angular coordinate by dψ ≡ dφ− ω(r, t)dt,
Eq. (126) becomes
ds2 = −r − 2M(t)
r
dt2 +
r
r − 2M(t)dr
2 (128)
+ r2(dθ2 + sin2 θdψ2) +O(j2) .
Note that a trajectory with ψ =const. rotates with the
angular velocity dφdt = ω(r, t) with respect to the static
coordinate at infinity. Therefore, we can regard this ob-
ject simply as the Schwarzschild black hole rotating with
the angular velocity
ωH =
j
r2+
+O(j2) . (129)
Then, we can understand that the object emits energy
in the same way as the Schwarzschild black hole, which
is consistent with the emission of angular momentum.
Hence, from (2), (125), and (127), we have
RK(M) = r+ +
2σ(r+)
r+
+O(j2) (130)
for r+ = 2M +O(j2), which is the same as (12).
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C. Simple model
We now investigate the interior metric of such an ob-
ject. Because (128) is spherically symmetric and the sur-
face is given by (130), we can follow the discussion of
Sec. II C 1. As in the case of the charged black hole,
the thermodynamic integrability in (M, j) space requires
that the angular momentum is distributed only in the
outermost region with width ∼ 1r+ and that the inte-
rior is the same as the Schwarzschild black hole. Here,
we assume that due to the centrifugal force the angular
momentum moves outward at each step of the adiabatic
growth. Thus, we obtain a picture similar to Fig. 13 in
which electric charge is replaced by angular momentum,
and the whole system is rotating.
In order to write down the metric, we model the object
by composing the interior of the Schwarzschild black hole
and a thin layer with the angular velocity (129). Then,
from (72) and (128), we obtain the metric
ds2 =
{
− 2σ(r)r2 e
− ∫RK (M)
r
dr′ r
′
(1+f(r′))σ(r′)dt2 + r
2
2σ(r)dr
2 + r2[dθ2 + sin2 θdψ2H ], for r ≤ RK(M) ,
− r−2Mr dt2 + rr−2M dr2 + r2[dθ2 + sin2 θ(dφ − ω(r)dt)2] +O(j2), for r ≥ RK(M) ,
(131)
where dψH ≡ dφ− ωHdt.
As a consistency check, we evaluate the energy-
momentum tensor on the surface r = RK by using Is-
rael’s junction condition [26, 36]. We obtain the surface
energy density ǫ2d, surface pressure p2d, and surface an-
gular momentum density J2d:
ǫ2d = 0, p2d = − 1
16π
1− f(RK)
1 + f(RK)
1√
2σ(RK)
,
J2d = 3j sin
2 θ
16π
√
2σ(RK)
. (132)
These reproduce the angular momentum J through the
generalized Komar formula [48], while there is no ad-
ditional contribution to the ADM energy M from the
surface.
VII. CONCLUSIONS AND DISCUSSIONS
In this paper we have considered time evolution of the
black hole with the backreaction from the Hawking radia-
tion taken into account. We have found that a collapsing
matter becomes an object that looks like a black hole
when it is seen from the outside. However, instead of
the horizon, it has a clear boundary, which we call the
surface. The inside of it is filled with matter and radi-
ation, while the outside is almost empty. The surface is
located slightly outside the horizon of the vacuum solu-
tion. For example, in the spherically symmetric case, it
is located at r = a+ 2σ(a)a , where a is the Schwarzschild
radius. Because the structure inside the surface is to-
tally different from the vacuum solution, the object has
neither a trapped region nor singularity. In general, the
inside structure depends on the initial distribution of the
matter, because time evolution is almost frozen inside
the surface due to the large redshift. However, if we see
the object from the outside, it looks the same as the con-
ventional picture of the black hole: it emits the Hawking
radiation and evaporates in the time scale ∼ a3σ .
In this sense, the black hole in the real world is not
the vacuum region with the closed trapped surface, but
a kind of highly dense star. Therefore, the problem of
the time evolution of the information is similar to that of
the wave function of a many-particle system in condensed
matter physics. Here, it is important to consider interac-
tions. Actually, we can estimate the time scale in which
the information comes back in the evaporation process
by considering the interaction between the matter and
the Hawking radiation.
However, there remain problems to be clarified. First,
our description is based on the spherical symmetry. It
is important to extend it to the general case such as the
construction of the interior metric of the rotating black
hole and the investigation of the nonspherical symmetric
instability of (88).
Another important problem is to understand how
baryon number changes through interactions in the evap-
oration process. We have seen that it should occur in the
outermost region, where the energy scale of the particles
is close to the Planck scale but still controllable by field
theory if we have many species of fields. It is interesting
to see whether some effects of quantum gravity or string
theory are involved in the mechanism or not.
We also have not identified the microscopic mechanism
of the strong angular pressure, which supports the object.
Although we have found that it is necessary to satisfy the
Weyl anomaly, we have not understood how it occurs.
This problem is also related to how the incoming energy
of the collapsing matter is converted to the outgoing en-
ergy of the Hawking radiation.
It is also interesting to construct more explicit
relations among the phenomenological functions,
σ0(a), g(a), f(a), by considering a simple example.
Then, we can see explicitly how the intensity σ(a)
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depends on the initial data of the matter.
Finally, it is attractive to investigate the process in
which the charged and rotating black hole is formed from
the matter with a general distribution and check the va-
lidity of the thermodynamic integrability more explicitly.
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Appendix A: Black hole entropy and Bekenstein’s
argument
Based on Bekenstein’s gedankenexperiment, we discuss
black hole entropy. First we estimate information to be
lost in the formation process. Then we discuss the area
law, and argue that generically the entropy production
occurs in the evaporation process. Finally we review an
operation for massive particles.
1. Entropy in the formation process
Bekenstein introduced the notion of black hole entropy
as the logarithm of the number of all the possible ways Ω
to construct the black hole [4]. We review and generalize
his idea. Suppose we construct a black hole with radius
a from matter. First, we focus on the stage where the
radius is ai and throw a particle with energy ǫi to the
black hole. Here, in order for the particle to enter into
the black hole, Eq. (4) needs to be satisfied. Let us
estimate the number of all the possible ways Ωi for this
process. Note that the wavelength of the particle is λi ∼
~
ǫi
, which plays a role of the spatial resolution for this
process. Hence, the number of the ways for the particle
to enter into the black hole is given by
Ωi ∼ ai
λi
× ni ∼ aiǫini
~
. (A1)
Here, ni is the number of species of particles with ǫi,
which is assumed to be O(1). Equation (A1) corresponds
to the phase volume for a particle with energy ǫi and
species ni in a one-dimensional system with size ∼ ai,
because the black hole is spherically symmetric.
Applying this estimation to each stage of the construc-
tion, we obtain
Ω =
N∏
i=1
Ωi ∼
N∏
i=1
aiǫini
~
. (A2)
In order to evaluate the total number of steps N , we
consider the case where ai ∼ a, ǫi ∼ ǫ, and ni ∼ n for
any i. Then, we have
N ∼ a
Gǫ
(A3)
because the size and energy of the black hole are related
as a = 2GM . Thus, Eq. (A2) becomes
Ω ∼
(aǫ
~
n
)N
, (A4)
which leads to
SformationBH = logΩ ∼
a
Gǫ
log
(aǫ
~
)
. (A5)
Here, the contribution of logn is neglected because it is
smaller than log
(
aǫ
~
)
due to (4). By construction, this
entropy measures the amount of information that is lost
in the formation process. This is because the information
of the matter which has entered into the horizon is lost
for an outside observer.
We consider here the saturating case in (4), that is,
the case of (5). This is the most slow formation that
corresponds to the adiabatic process in the sense of ther-
modynamics. Then, Eq. (A5) becomes
SformationBH ∼
a2
l2p
logO(1) ∼ a
2
l2p
, (A6)
which agrees with the conventional area law [1, 2]
SformulaBH =
A
4l2p
, (A7)
except for the coefficient.
Here, we discuss the relation with the new picture of
black holes. As is discussed in Sec. II, in the new pic-
ture, the interior of the black hole is almost frozen due to
the large redshift, and the information of the initial dis-
tribution is kept inside for long time. Eventually it will
come out in the process of evaporation, but in practice
it seems to be lost. In this sense, the above discussion
applies also to the new picture.
2. Entropy production in the evaporation process
We discuss the relation between the general result (A5)
and the usual formula (A7) and show that generically
the entropy production occurs in the evaporation process.
Originally, Eq. (A7) was obtained by integrating the
Hawking radiation from the evaporating black hole [1].
In this sense, it counts the number of microstates in the
matter emitted from the black hole. On the other hand,
Eq. (A5) measures the number of all possible ways to
construct the black hole. Note that (A7) is much larger
than (A5) unless ǫ ∼ ~a . Therefore, in the whole process
from formation to evaporation, the entropy increases by
∆S = SformulaBH −SformationBH ∼
a2
l2p
− a
Gǫ
log
(aǫ
~
)
, (A8)
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which is consistent with the generalized second law [4].
Especially, if we consider the adiabatic formation (A6),
∆S ∼ 0, which corresponds to the black hole in equi-
librium with the heat bath of the Hawking temperature
[2].
3. “Reversible” process of massive particles
From the above discussion it seems that a massive par-
ticle with ǫ > ~a cannot be given to the black hole adia-
batically, since ∆S > 0 for ǫ > ~a . However, we can make
a procedure to add a massive particle to the black hole
“reversibly.”
Suppose we give a massive particle with rest massm≫
~
a , say, a proton with m ∼ 1GeV . If we throw it far
from the black hole, the ADM energy increases by ǫ =
m. Now, we follow Bekenstein’s gedankenexperiment [4].
Imagine that we slowly lower the massive particle from a
point at r ≫ a to the black hole by using a strong string.
If the string is cut off at a point r, the ADM energy given
to the black hole is evaluated as
ǫ(r) = m
√
1− a
r
, (A9)
which is smaller than ǫ(r = ∞) = m. This is because
in this process the system composed of the black hole
and the particle works positively to an external agent
by the gravitational binding energy. Here, we consider
a question: In order to give the maximum entropy and
the minimum energy to the black hole by this process,
how far do we have to lower the particle? In quantum
mechanics a massive particle exists within the Compton
wavelength λC =
~
m . Therefore, if the particle is located
at a distance of its Compton wavelength from the hori-
zon, we cannot distinguish whether the particle already
has been swallowed into the black hole or not. This sit-
uation leads to loss of 1 bit information for an outside
observer. Indeed, we can see this explicitly as follows.
For r = a+∆r, Eq. (A9) becomes
ǫ(r = a+∆r) ≈ m
√
∆r
a
= m
l
2a
, (A10)
where (15) has been used. Therefore, by taking l = λC =
~
m we have
ǫ(r = a+∆r) =
~
2a
, (A11)
which agrees with the minimum energy (5). Thus, if
we repeat this process to make a black hole, no entropy
production occurs in the evaporation process: ∆S ∼ 0.
More rigorously, however, the baryon number should be
changed in the evaporation process as is discussed in Sec.
III D, and the entropy production should occur.
Finally, we show that when such a massive particle
released at r = a+∆r(l = λC) comes close to the surface
at r = R(a) = a + 2σa , it becomes ultrarelativistic, and
can be regarded as an ingoing lightlike particle. In fact
its local energy is estimated as
ǫlocal = m
√−gtt(r = a+∆r|λC )√−gtt(r = R)
≈ m
√√√√ ∆r|λCa
2σ
a2
= m
a√
2σ
λC
2a
=
~
2
√
2σ
(A12)
where (15) has been used. This is the same order as (35)
and much larger than the rest mass m.
Appendix B: A numerical solution of r(t)
We give a numerical demonstration of (11). We con-
sider a simple case where σ(a) = k =const. in (2), the
solution of which is given by a(t) = [a(0)3−6kt]1/3. Using
this, we solve (9) numerically for a(0) = 100, r(0) = 110,
and k = 1 and obtain Fig. 14. This shows that r(t)
approaches a(t) + 2ka(t) as in (11).
FIG. 14: The numerical result of a(t)[r(t) − a(t)] for a(0) =
100, r(0) = 110, σ = k = 1. It approaches 2k = 2.
Appendix C: A multishell model
We introduce a simple model [8] as a concrete example
for the new picture in Sec. II C.
1. Single-shell model
In order to construct the self-consistent solution of
Gµν = 8πG〈Tµν〉, we start with a spherically symmet-
ric collapsing null shell. The inside region is flat because
of the spherical symmetry. We assume that the outside
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region is described by the outgoing Vaidya metric [9]:
ds2 =
{
−dU2 − 2dUdr + r2dΩ2 for r ≤ rs
− r−a(u)r du2 − 2dudr + r2dΩ2 for r ≥ rs
(C1)
Here rs is the radius of the shell, M(u) =
a(u)
2G is the
Bondi mass, and U and u are the outgoing null coor-
dinates in the Eddington-Finkelstein coordinates for the
inside and outside, respectively. See Fig. 15.
FIG. 15: An evaporating null shell. In this coordinate (u, r),
an outgoing null ray is depicted by a line with u =const..
In Ref.[8], we have shown that the self-consistent solu-
tion is obtained by solving
rs(u)− a(u)
rs(u)
du = −2drs = dU (C2)
and
da
du
= − l
2
p
8π
{u, U} , (C3)
provided that the radiation is massless, and only the s-
wave is considered in the eikonal approximation. Here,
{u, U} is the Schwarzian derivative, which is given by
{u, U} ≡ U¨(u)2
U˙(u)2
− 2
...
U (u)
3U˙(u)
. Equation (C2) indicates that
the motion of the shell is lightlike both in the inside
and the outside regions. Equation (C3) is equivalent to
the Einstein equation Gµν = 8πG〈Tµν〉 because the only
nonzero components of Gµν and 〈Tµν〉 are Guu = − a˙(u)r2
and 〈Tuu〉 = 14πr2 ~16π{u, U}.
2. Generalization to multishells
It is easy to generalize the above model to the case of
multishells. We consider n shells of which the radii are
denoted by ri (i = 1, ...n). See Fig. 16. The metric of
the region between ri and ri+1 is described by
ds2i = −
r − ai(ui)
r
du2i − 2duidr + r2dΩ2 , (C4)
where ui is the local time and
ai(ui)
2G is the mass in the
ith shell. The junction condition of each time coordinate
FIG. 16: A continuous distribution modeled by many shells.
ui is given as (C2) by
ri − ai
ri
dui = −2dri = ri − ai−1
ri
dui−1 for i = 1, ...n ,
(C5)
where we regard a0 = 0 and u0 = U for the flat space.
This is equivalent to
dri
dui
= −ri − ai
2ri
, (C6)
and
dui
dui−1
=
ri − ai−1
ri − ai = 1 +
ai − ai−1
ri − ai . (C7)
The Einstein equation (C3) holds for each shell,
dai
dui
= −Nl
2
p
8π
{ui, U} , (C8)
where the degrees of freedom of the fields N have been
introduced.
The coupled equations (C5) and (C8) can be solved by
the following ansatz:
dai
dui
= −C
a2i
, (C9)
ri = ai − 2ai dai
dui
= ai +
2C
ai
. (C10)
Equation (C9) means that each shell behaves like the
conventional evaporating black hole, and (C10) indicates
that each shell has reached the asymptotic radius as in
(11).
First, Eq. (C10) solves (C6) as in (11). Next, we solve
(C7) with the ansatz. We define ηi by
ηi ≡ log dU
dui
. (C11)
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Then, we have
ηi − ηi−1 = log
dU
dui
dU
dui−1
= − log dui
dui−1
= − log
(
1 +
ai − ai−1
ri − ai
)
≈ −ai − ai−1
ri − ai ≈ −
ai − ai−1
2C
ai
≈ − 1
4C
(
a2i − a2i−1
)
. (C12)
Here, at the second line, we use (C7); at the third line,
we assume ai−ai−12C
ai
≪ 1, which is satisfied for the case of
continuous distribution; and at the last line, we approx-
imate 2ai ≈ ai + ai−1. With the boundary conditions
η0 = a0 = 0, we obtain
ηi = − 1
4C
a2i . (C13)
Finally, we check (C8). Because the Schwarzian deriva-
tive {ui, U} is written as
{ui, U} = 1
3
(
dηi
dui
)2
− 2
3
d2ηi
du2i
, (C14)
we obtain
{ui, U} ≈ 1
12
1
a2i
. (C15)
Here, we have used (C9) and (C13) to obtain
dηi
dui
= − 1
2C
ai
dai
dui
=
1
2ai
. (C16)
Therefore, Eq. (C8) is satisfied if
C =
Nl2p
96π
. (C17)
In particular, the outermost shell (nth shell) satisfies
da
du
= −C
a2
, (C18)
which indicates that the entire system behaves like the
conventional evaporating black hole when it is observed
from the outside.
Appendix D: Hawking radiation in the new picture
We show that the metric of the new picture of black
holes indeed creates radiation from the vacuum which
obey a Planck-like distribution with the Hawking tem-
perature (17) [49]. We start with the general form
of the spherically symmetric metric in the Eddington-
Finkelstein-like coordinates:
ds2 = −q(u, r)
(
h(u, r)
r
du+ 2dr
)
du+ r2dΩ2 . (D1)
FIG. 17: A continuously distributed matter that collapses
and evaporates and a trajectory of a field from the flat space-
time to the matter. Here, an outgoing null line is depicted as
u =const.
See Fig. 17. We assume that the metric near the surface,
RF < r ≤ R, is given by (74). Rigorously speaking, the
values of f and σ there for the evaporating black hole
may be different from those of the adiabatically formed
one. Here we simply assume that they are the same. On
the other hand, the deeper region, 0 <∼ r ≤ RF , need
not be the same as (74), but the metric there is frozen in
time. We further assume that there remains a small flat
spacetime around the origin:
ds2 = −dU2 − 2dUdr + r2dΩ2 . (D2)
We consider the s-wave of a massless real scaler field
φ(x) and solve the Heisenberg equation using the eikonal
approximation [1]. In this approximation, the reflection
of the radiation is not considered, and f(r) becomes zero.
The Hawking radiation is created by the time evolution
of the field along a ray that starts from the flat space be-
fore the collapse, goes through the center, and passes the
collapsing matter (see Fig. 17). We focus here on a time
interval around u∗, I(u∗) = [u∗ − ka(u∗), u∗ + ka(u∗)],
where k ∼ 1. By putting φ = r−1eiS(u,r)~ , the Klein-
Gordon equation ∇2φ = 0 in the metric (D1) becomes[
1
q
∂u − h
2rq
∂r
]
S ∂rS = 0 , (D3)
in the leading approximation of the ~ expansion. Here,
the ingoing and outgoing radial null vectors are given by
k = 1q∂u − h2rq∂r and l = ∂r, respectively. Therefore, we
obtain the outgoing eikonal solution
φout =
ei
Sout(u)
~
r
. (D4)
We assume that the field was in the vacuum state be-
fore the collapse. Therefore, in the Heisenberg picture,
the state should satisfy
aω|0〉 = 0 , (D5)
where aω is the coefficient of e
−iωU for ω > 0 in the
outgoing component of φ :
φ =
∫ ∞
0
dω√
2π
1√
2ω
(
e−iωU√
4πr
aω +
eiωU√
4πr
a†ω
)
. (D6)
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Because of (D4), the field which has evolved is given by
φ =
∫ ∞
0
dω√
2π
1√
2ω
(
e−iωU(u)√
4πr
aω +
eiωU(u)√
4πr
a†ω
)
. (D7)
On the other hand, this can also be expressed in terms
of the modes in the future infinity:
φ =
∫ ∞
0
dω√
2π
1√
2ω
(
e−iωu√
4πr
bω +
eiωu√
4πr
b†ω
)
. (D8)
Generally, two operators aω and bω′ are related as
bω =
∫ ∞
−∞
dω′Aωω′aω′ =
∫ ∞
0
dω′(Aωω′aω′+Aω,−ω′a
†
ω′) .
(D9)
From (D7), (D8), and (D9), we obtain
Aω,−ω′;u∗ =
1
2π
√
ω
ω′
∫ ∞
−∞
dueiωueiω
′U(u) . (D10)
Here, we have extended the integration region from I(u∗)
to [−∞,∞], which does not affect the following calcula-
tion [1, 8, 17] [50]. From (D9), we obtain the expectation
value of the number of the particles:
〈0|b†ωbω|0〉u∗ =
∫ ∞
0
dω′|Aω,−ω′;u∗ |2 . (D11)
Then, we estimate U(u), which is the relation between
the outside time u and the time U around the origin.
In the metric (D1), the ingoing radial geodesic r(u) is
given by 1q
dr
du = − h2rq , and q(u, r(u))du corresponds to
the local time at r = r(u). Because u is the outside time
and q(u, r = R) = 1, we have
dU(u)
du
= q(u, r ∼ 0) = q(u, r ∼ 0)
q(u, r = RF )
q(u, r = RF )
= Ce
− ∫R(u)
RF
dr r
2σ(r) ≈ Ce−
R(u)2−R2F
4σ(R(u)) . (D12)
Here, in the interval I(u∗), the deeper region between
0 <∼ r ≤ RF is frozen in time so that q(u,r∼0)q(u,r=RF ) is a
constant, C. On the other hand, the region near the
surface, RF < r ≤ R(u), is described by the interior
metric of (74) with f = 0. Next, we expand R(u) around
u∗ as
R(u) ≈ R(u∗) + dR
du
(u∗)(u− u∗)
= R(u∗)− σ(R(u∗))
R(u∗)2
(u− u∗) , (D13)
where we have used the geodesic equation in (74), dRdu =
−σ(R)R2 . Putting R(u)2 ≈ R(u∗)2 − 2σ(R(u∗))R(u∗) (u− u∗) into
(D12), we have dU(u)du ≈ C′e
u
2R(u∗) . Thus, we obtain
U(u;u∗) = D + 2R(u∗)C′e
u
2R(u∗) , (D14)
where D and C′ are constants.
Now, we can evaluate (D10). Using (D14) and contin-
uing analytically [1], we have
Aω,−ω′;u∗ =
1
2π
√
ω
ω′
2R(u∗)e−πωR(u∗)Γ(2iωR(u∗)) ,
(D15)
where an irrelevant overall phase factor has been
dropped. Then, employing the formula |Γ(ix)|2 =
π
x sinh(πx) for x ∈ R and considering wave packets in (D11)
[1, 17], we obtain
〈0|b†ωbω|0〉u∗ =
1
e
~ω
TH (u∗) − 1
, (D16)
where
TH(u) =
~
4πR(u)
≈ ~
4πa(u)
. (D17)
This agrees with the Hawking temperature [1] but
changes in time slowly according to (2). The above anal-
ysis has shown that the Hawking radiation is created in
any collapsing process as long as the region near the sur-
face becomes the asymptotic spacetime described by (74).
In particular, the existence of the horizon is not neces-
sary.
Appendix E: Examples of the interior structure
Simple examples would be helpful to understand the
new picture. We consider two macroscopic shells with
radii r1 and r2, where r1 < r2. We assume initially they
have the same energyM . Then, the Schwarzschild radius
of the total system and the inner shell are a2 = 4GM
and a1 = 2GM , respectively. Although in the real sys-
tem the energy distributes continuously, for simplicity we
consider two thin shells. See Fig. 18.
We consider the following two cases. In one case the
initial values of the radii are very close, for example, r1 =
3a1 and r2 = 3a1 + ∆r, where ∆r ≪ a1 (see the upper
panel of Fig. 18). Then, shell 2 reaches r = R(a2) earlier
than shell 1 reaches r = R(a1) because the two shells
have started from almost the same positions but R(a2)
is significantly larger than R(a1). When shell 2 reaches
r = R(a2), time inside shell 2 is frozen, and r1 stays
almost constant. At the same time, shell 2 starts emitting
the Hawking radiation. Thus, only shell 2 evaporates
until its energy is exhausted. After that, shell 1 begins
to approach to R(a1) and eventually evaporates.
In the other case, shell 1 reaches r = R(a1) earlier
than shell 2 reaches r = R(a2). Such a case occurs if the
initial value of r1 is close to R(a1) but r2 is not so close
to R(a2) (see the lower panel of Fig. 18). Then, shell
1 reaches R(a1) before it is frozen by shell 2, and some
part of it evaporates until shell 2 reaches R(a2). Then,
shell 1 stops radiating, and only shell 2 emits the energy.
After this, the same thing occurs as in the first case.
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FIG. 18: Examples of two-shell collapsing process.
Appendix F: Surface energy density and pressure on
the evaporating shell
We derive (45) and (46) from the Barrabes-Israel junc-
tion condition [25] following the formalism in Ref.[26].
We consider an evaporating shell with initial energy
ǫ(0) ∼ ~a which approaches the evaporating core with
a′(t′) as in Fig. 2. The metric is given by (20), and
we denote the position of the shell by rs. We take the
ingoing and outgoing null vectors as k = f−1∂T − ∂r
and l = 12∂T +
f
2∂r, respectively, so that k · l = −1.
Here, T = t and f = 1 − ar for r > rs, while T = t′ and
f = 1− a′r for r < rs. Note that the null vector k satisfies
the geodesic equation ∇kkµ = κkµ with
κ = −f−2∂T f . (F1)
We assume that the shell moves along k and denote
its locus by N . The transverse curvature of the null
hypersurface N is given by
Cab =
1
2
(£lgµν)e
µ
ae
ν
b . (F2)
Here £l is the Lie derivative along l, and {ea} = {eλ =
k, eθ = ∂θ, eϕ = ∂ϕ} is the basis on N . Using another
expression Cab = −lνeµa∇µeνb (see Ref. [26]), we obtain
Cλλ = κ, CAB =
f
2r
σAB , (F3)
where σAB is the 2-metric on the shell such that
σABdθ
AdθB = r2dθ2 + r2 sin2 θdϕ2 with θA = {θ, ϕ}.
Thus, we obtain the formula (45) for the surface energy
density ǫ2d and pressure p2d:
ǫ2d = − 1
8πG
σAB [CAB] =
ǫ
4πr2s
,
p2d = − 1
8πG
[Cλλ] = − 1
8πG
[κ]
= − rs
8πG(rs − a)2
(
da
dt
−
(
rs − a
rs − a′
)2
da′
dt′
)
. (F4)
Here, [A] ≡ A|r→rs+0 − A|r→rs−0 for a quantity A, and
ǫ = a−a
′
2G is the energy of the shell.
Next, we show (46). Suppose that the shell has
come close to the core as in stage II of Fig. 2, where
rs = a +
2σ(a)
a . Using (14), (23), ∆a ∼
l2p
a , and
1
a′2 ≈ 1a2
(
1 + 2∆aa
)
, p2d in (F4) becomes
p2d
≈ a
8πG
a2
(2σ)2
(
2σ(a)
a2
−
(
1− 2 a∆a
2σ(a)
)
2σ(a)
a2
(
1 +
2∆a
a
))
≈ a
2∆a
16πGσ2
∼ a
GN2l2p
. (F5)
Appendix G: Exponential decrease in the energy of
the collapsing matter
Here we derive (93). We consider ingoing matter with
radius r = r(t) and width ∆r(t), in the outermost region
of the evaporating black hole with radius a(t). Here we
assume the metric is given by (72) and examine the time
evolution of the ADM energy of the shell ǫ(t), which is
expressed as
ǫ(t) = 4πr(t)2ρ(r(t))∆r(t) =
1
2G
∆r(t) , (G1)
where ρ = −〈T tt〉 = 18πGr2 because of (78).
We first consider the motion of a test particle in (72).
If it is ultrarelativistic, it satisfies
dr
dt
= − 1
B
e
A
2 . (G2)
Taking the difference of this equation with respect to r,
we obtain
d∆r
dt
=
(
∂rB
B
− 1
2
∂rA
)
e
A
2
B
∆r ≈ − r
2σ(1 + f)
e
A
2
B
∆r ,
(G3)
where we have used (71) and (65). This can be rewritten
in terms of the local time dτ = 1√
B(r)
e
A(r)
2 dt, as
d∆r
dτ
= − 1√
2σ(1 + f)
∆r , (G4)
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and the solution is given by
∆r(τ) = ∆r(0)e
− τ√
2σ(1+f) . (G5)
Therefore, the time evolution of the local energy ǫlocal =
ǫ√−gtt is given by
ǫlocal(τ) = ǫlocal(0)e
− τ√
2σ(1+f) . (G6)
Appendix H: Entropy of the stationary black hole
We consider the stationary black hole that is formed
adiabatically in the heat bath and evaluate the total en-
tropy by summing up the contribution from each piece
in the interior. Here, we approximate the interior as one-
dimensional massless radiation with local equilibrium.
Because the local energy of particles is ultrarelativistic,
and the ingoing and outgoing energy flux are balanced at
each r, it is reasonable to consider such a model.
Then, the Gibbs relation for one-dimensional radiation
[5] should be satisfied,
u+ p = Tlocals, u = p , (H1)
where u, p, Tlocal, and s are one-dimensional internal
energy density, pressure, local temperature, and entropy
density, respectively. In the following, we evaluate
s = 2
u
Tlocal
(H2)
and integrate it over the inside of the black hole by using
the metric (72).
We first evaluate u. The general mass formula (39)
indicates that ρ = −〈T tt〉 can be regarded as the four-
dimensional energy density in the local inertial frame.
This is because the integration measure is the same as the
ordinary flat space, and the diagonal component T tt is
the same as T τ τ for the stationary state. Then, the one-
dimensional energy density, that is, the proper energy
per proper length, is given by [51]
e = 4πr2ρ . (H3)
Here, by noting that the ingoing and outgoing energy
flows are balanced in the stationary state, the energy
flow only in one direction should be considered to count
the entropy in (H2). Therefore, by using (78), we can
evaluate the one-dimensional internal energy density as
u =
1
2
e =
1
4G
. (H4)
Now we can evaluate the entropy. From (H2), (H4),
and (101), we obtain
s(r) = 2π
√
2σ(r)
l2p
, (H5)
which indicates that
√
σ/l2p bits are stored per unit proper
length, as discussed in Ref. [24]. Integrating this from
r ∼ 0 to r = R(a) = a+ 2σ(a)a , we have
SBH =
∫ R(a)
0
dr
√
grr(r)s(r)
=
∫ R(a)
0
dr
r√
2σ(r)
2π
√
2σ(r)
l2p
≈ πa
2
l2p
=
A
4l2p
, (H6)
which agrees with the Bekenstein-Hawking formula.
Thus, we have seen that the black hole entropy is stored
in the interior structure.
Appendix I: Surface of the rotating black hole
In Sec. VIA we analyze the motion of a test particle
in the evaporating Kerr metric, and show that the notion
of surface is valid even for the rotating black holes. In
this Appendix, we derive the three equations (121), (122)
and (123), which play a crucial role for the existence of
the surface.
If the black hole is not very close to extremal, the rel-
evant time scales are similar to those of the spherically
symmetric black holes. The time scale of the change of
the mass M(t) and the angular momentum j(t) is about
M3, while the test particle approaches the horizon in the
time scale of ∼ M . Therefore it is enough to analyze
the equation of motion of the test particle for constant
M and j, and then replace them to the time-dependent
ones.
In order to do that, we consider the Hamilton-Jacobi
equation for a massive particle with mass m [26] in the
Kerr metric (118):
0 = gµν∂µS∂νS +m
2. (I1)
As usual, because of the cylindrical symmetry, we can set
S(t, r, θ, φ) = −Et+ Lφ+W (r, θ) . (I2)
By using the inverse metric
gtt = − P
Σ∆
, grr =
∆
Σ
, gθθ =
1
Σ
,
gφφ =
∆− j2 sin2 θ
Σ∆sin2 θ
, gtφ = −2Mjr
Σ∆
,
Eq. (I1) becomes
0 = − P
Σ∆
E2 +
∆
Σ
(∂rW )
2 +
1
Σ
(∂θW )
2
+
∆− j2 sin2 θ
Σ∆sin2 θ
L2 + 2
2Mjr
Σ∆
EL+m2 . (I3)
Multiplying this by Σ, we obtain
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0 =
(
− 1
∆
[(r2 + j2)2E2 + j2L2 − 4MjrLE] + ∆(∂rW )2 + (r2 + j2)m2
)
+
(
j2 sin2 θE2 +
L2
sin2 θ
+ (∂θW )
2 − j2 sin2 θm2
)
. (I4)
The first and second terms depend only on r and θ, respectively. Therefore, we can put the first term as a constant,
−C, where C is the Carter constant [26], and decompose W (r, θ) as
W (r, θ) = w(r) + Θ(θ) . (I5)
Then we have the two ordinary differential equations and obtain the solutions
w(r;E,L,C) = ±
∫ r
dr
1
∆
√
(r2 + j2)2E2 + j2L2 − 4MjrLE −∆[C + (r2 + j2)m2] , (I6)
Θ(θ;E,L,C) = ±
∫ θ
dθ
√
C − L
2
sin2 θ
− j2 sin2 θ(E2 −m2) .
(I7)
Taking two derivatives of
S = −Et+ Lφ+ w(r;E,L,C) + Θ(θ;E,L,C) (I8)
with respect to E and to t, we have
0 = −1± (r
2
+ + j
2)
∆(r(t))
dr(t)
dt
± −Ej
2 sin2 θ(t)√
C − L2
sin2 θ(t)
− j2 sin2 θ(t)(E2 −m2)
dθ(t)
dt
. (I9)
We now focus on the region r ∼ r+, where ∆ ∼ 0.
Using ∆ = (r(t)− r+)(r(t)− r−) ≈ (r(t)− r+)(r+ − r−)
and κK =
r+−r−
2(r2++j
2)
, from (I9) we obtain
dr(t)
dt
= −2κK(r(t) − r+)
×

1± Ej2 sin2 θ(t)√
C − L2
sin2 θ(t)
− j2 sin2 θ(t)(E2 −m2)
dθ(t)
dt

 ,
(I10)
where we have chosen the sign for the radial ingoing direc-
tion. Similarly, taking two derivative of (I8) with respect
to C and t, we obtain
dθ(t)
dt
=
√
C − L2sin2 θ(t) − j2 sin2 θ(t)(E2 −m2)
(r2+ + j
2)E − jL
dr(t)
dt
.
(I11)
Then substituting this into (I10), we have
dr(t)
dt
= −2κK(r(t)− r+)
[
1± Ej
2 sin2 θ(t)
(r2+ + j
2)E − jL
dr(t)
dt
]
.
(I12)
The second term in the large bracket in (I12) turns
out to be of order O(r−2+ ), and it can be neglected com-
pared with the first term. We can show this as follows,
Since we consider adiabatic processes, the ingoing energy
E should be of the same order as the Hawking temper-
ature, E ∼ TH ∼ 1r+ . The typical angular momentum
of the ingoing particles can be estimated as L ∼(impact
parameter)×(energy)∼ r+E ∼ 1. Furthermore, as in the
spherically symmetric case, we have
r(t) − r+(t) ∼ 1
r+(t)
, (I13)
which will be shown self-consistently. Using these esti-
mates, we can show the above statement.
Thus, we obtain
dr(t)
dt
= −2κK(r(t) − r+) +O(r−3+ ) , (I14)
which is (121). From this, Eq. (I11) can be estimated as
dθ(t)
dt
∼ 1
r+
2κK(r(t) − r+) ∼ 1
r3+
, (I15)
which gives (122).
Finally we examine dφ(t)dt . Taking two derivatives of
(I8) with respect to L and t, we have
0 =
dφ(t)
dt
± −a
∆
dr(t)
dt
±
− Lsin2 θ(t)√
C − L2sin2 θ(t) − j2 sin2 θ(t)(E2 −m2)
dθ(t)
dt
=
dφ(t)
dt
± −a
∆
±∆
r2+ + j
2
+O(r−3+ ) .
Thus, we have (123):
dφ(t)
dt
= ωH +O(r−3+ ) . (I16)
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